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Block copolymers attract considerable interest of sci- 

entists, in particular due to their ability to form spatially 
periodic superstructures.' The symmetry (morphology) 
of a stable superstructure is governed primarily by the 
copolymer composition, f. Three fundamental morpholo- 
gies (lamellar, cylindrical, and spherical) were recently 
supplemented by a new one, called ordered bicontinuous 
double diamond (OBDDh2-7 The OBDD structure was 
observed in a narrow composition window between lamellar 
and cylindrical morphologies. The OBDD phase was also 
analyzed theoretically," using the method of Ohta and 
Kawasaki.8 However the OBDD structure was shown4 to 
be less favorable than other structures for any composition. 

The aim of the present contribution is just to confirm 
this prediction for linear diblocks in the strong segregation 
limit (SSL) using a more accurate approach. In fact the 
main conclusion (that the OBDD phase is never the most 
stable) is rigorous with the only reservation that inter- 
domain boundaries belong to the family of constant-mean- 
curvature (area minimizing)  surface^.^ 

We use the standard model of diblock copolymers:lOJ1 
each chain consists of N = N A  + NB links, f = N d N  being 
the (mean) volume fraction of A links. I t  is assumed that 
A and B links are similar geometrically, u is the volume 
per link, and 6Nu2 is the mean end-to-end distance of an 
unperturbed (Gaussian) copolymer chain. 

We compare the three most possible structures for f > 
0.2: lamellar, cylindrical, and OBDD. In the latter phase 
the minor (A) component fills two interwoven 3d periodic 
tetrapod networks (see Figure 1) of diamond symmetry, 
and the B component, the surrounding matrix. The 
interfaces between the A and B domains in all cases are 
assumed to be of constant mean curvature (see ref 4 for 
more details). 

In the SSL considered here, which corresponds to xN 
>> 10, the interfaces between the A and B domains are 
much thinnerlo than the characteristic period of super- 
structure. The excess free energy of a diblock copolymer 
phase in SSL can be generally represented a d 2  

(1) F = Fi + Fel 

where 

Fi = yS (2) 

is the energy of interfaces and Fel is the contribution due 
to elongation (elastic stretch) of blocks (nearly normal to 
interfaces). Here S is the total interface area, and 

y =: ax112 (3) 
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Figure 1. (a, top) Tetrapod network. (b, bottom) Structural 
element of the network. 

is the interfacial tension10 (here and below we take kT as 
a unit of energy and u as a unit of volume). 

The stretch free energy Fdl is our main concern now. Let 
us consider first the simplest case of the lamellar phase. 
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We write 

Fe, = F,9 + G (4) 

where aB are contributions due to elongation of the A 
and B blocks. Each of these terms is a sum of independent 
energies of individual chains: 

and an analogous equation is valid for B blocks. Here [AI 
denotes all A blocks, and r, is a position of the nth link 
of an A block (n = 0 corresponds to the junction point, n 
= NA corresponds to the free end of the A block). The 
stretch free energy, eq 5, should be minimized for a given 
overall distribution of A links, 4(r) = 4A(r) = ucA(r), where 
cA(r) is the local concentration of A links:13 

(6) 1, inside A domains 
4(r)  = 4A(r) = { 0, otherwise 

Thus 

f i [ d o l  = min G I ~ I  (7) 
[rl:@(r)=@o(r) 

where [rl:c#~(r) = means minimization over all possible 
conformations of all A blocks under the condition 4(r)  = 
4o(r). Minimizing the right hand side of eq 7 using the 
Lagrange method, we write 

@[dol = GbI - Ju(rM0(r) d3r (8) 

where 

Minimization in eq 9 is over all possible 4(r); the desired 
profile 4 = 4o(r) is now formed by the formal external 
field, u(r), acting in each A link. Equation 9 can be 
rewritten as 

(10) 

where p(R) is the density distribution for positions (R) of 
the free ends of A blocks and FA (R) is the free energy of 
an A block influenced by the fiel%(r) with a given position 
(R) of its free end. 

The minimization in eq 10, which obviously must be 
performed under the condition 

fp(R) d'R = (total no. of A blocks) 

leads to the equation 

q,,(R) = constant (11) 

for any R inside the A domains. 
Now let us recall that we are considering a 1 d lamellar 

structure, so that u = u(z), where z = z(r) is the distance 
from a given point (r) to the nearest interface. The only 
solution (for a Id  structure) of eq 11 (which is equivalent 
to the so-called equal time constraint9 is the parabolic 
field profile:12J4 

where a depends on the length of the A blocks: 

I t  is easy to show that with eq 12 the constant in the 

qU,(R)  = 0 (14) 

right hand side of eq 11 should be equal to zero: 

Using eqs 8, 10, and 12-14 we thus get 

where the integration is performed over the volume of all 
A domains. 

Let us return to the general case of arbitrary (non- 
lamellar) structure and curved interfaces. A reconsidera- 
tion of the derivation of eq 15 presented above shows that 
actually we do not need an assumption that interfaces are 
plain. Thus it looks as if eq 15 is valid in the general case 
if z(r) is defined as the shortest distance from a given 
point to the nearest interface. In fact one can easily check 
that eq 15 works precisely for lamellar sheets and spherical 
and cylindrical domains (inner parts; compare with results 
of ref 12). 

If we try to use eq 15 to predict the elastic energy of the 
outer part of, e.g., a cylinder (i.e. a brush grafted to the 
ouhide of a cylinder), one complication would arise. In 
this case a parabolic potential (eq 12) will formally imply 
the end density distribution p(R) which must be negative 
in a narrow zone near the ~ y l i n d e r . ~ ~ J ~  Thus with the 
additional physical condition 

P ( Z )  2 0 

the formal minimum (eq 15) cannot be achieved, so that 
the true elastic free energy must be higher: it  should 
correspond to the real end distribution which must be 
exactly equal to zero in a narrow excluded zone near the 
cylinder (the interface).15 Therefore, in this case eq 15 
provides a lower boundary for the elastic stretch free 
energy. 

The relative difference between the true elastic energy 
and eq 15 depends on the interface curvature. For small 
curvatures this difference is exponentially small.15 More- 
over, using the result of ref 15, we managed to show that 
in the composition region of interest (f k 0.3)16 the relative 
error of eq 15 should be less than 0.06%. We shall see 
that this error is surely negligible for our main conclusions. 
Thus eq 15 can be used for elastic free energies of lamellar, 
cylindrical, and OBDD phases. 

Using eqs 1-4 and 15 we write the free energy per 
copolymer chain as 

where VO is the volume of a Wigner-Seitz cell (Figure 2), 
SO is the interfacial area per cell, and [A] and [B] denote 
the corresponding parts of a cell. 
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Figure 2. Wigner-Seitz cell (a, left) for an OBDD structure and 
(b, right) for a cylindrical structure. 

For a given morphology the free energy, F, should he 
minimized over the “period” L (see Figure 2). The result 
is 

F = (xM”3F(fl (17) 

where P(fl is a numerical factor: 

the equilibrium period being 

L = N1/2a(xM”6i(fl (19) 

For hothlamellarandcylindricalphases the freeenergies 
where i ( f l  is another numerical factor. 

can he calculated analytically: 

The last two equations imply that (if we forget about 
a possihilityof OBDD and other nontrivial morphologies) 
the transition from lamellar tocylindricalstructureshould 
occur at 

f = 0.293 (22) 

Thisvalueagrees well with slightly less accurate previous 
~ , = ~ ~ ~ l t Q  12.17 
_-1__11. 

InordertocalculatethefreeenergyoftheOBDDphase, 
we have first to calculate an area minimizing interface 
within a WignerSeitz cell for a chosen composition f. In 
fact, only 1/24th of the cell should he considered (as it can 
he divided into 24 congruent parts). An area minimizing 
surface was calculated using an analogy with a “soap film” 
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Figure 3. Dependence of the reduced free energy, E, on the 
composition, f ,  for lamellar, OBDD, and cylindrical phases. 
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Figure 4. Dependence of the reduced period, L = L/(N213nx1/E) 
(where L is the lattice parameter of the OBDD phase), on 
composition: (triangles) experimental data of ref 6. 

filled by an ideal gas. Different compositions can he 
achieved by changing the “external” pressure in the B 
matrix. The “minimal” Schwarz surface4 which divides 
“regions of influence” of two tetrapod networks in our 
model corresponds to the case of equal pressure inside 
and outside the soap film (inside the A network and B 
matrix). The calculated area of the Schwarz surface 
coincides with the exact value within an error less than 
0.03 % . 

Using the family of interfaces thus calculated and eq 
16, we obtain the reduced free energies of OBDD structures 
in the composition range f = 0.274.37, where lamellar 
and cylindrical structures compete with each other. The 
final error was estimated to he less than 0.2%. Composi- 
tion dependence of the reduced free energies, F,  for 
lamellar, cylindrical, and OBDD structures are plotted in 
Figure 3; the_ same dependence for the reduced lattice 
parameter, L, of the GBDD is shown in Figure 4. 
Experimental data6 for L are also shown in Figure 4. 

An examination of Figure 3 shows that the OBDD 
structure is never stable in the compositional range of 
interest: its free energy is always larger than that of 
cylindricalor lamellar phases by ahout 4% or more. Note 
that this difference is much larger than a possible 
theoretical error (due to both model assumption and 
numerical approximation). 

We may conclude that the experimentally observed 
OBDD phase is probably metastable, its formation being 
governed by dynamic effects. It is worth generalizing the 
calculations in order to take into account the possible 
geometrical asymmetry of the A and B links. An analysis 
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of OBDD-like structures in copolymer/homopolymer 
blends is also of interest. 
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